Abstract. The properties of higher-dimensional black holes can differ significantly from those of black holes in four dimensions, since neither the uniqueness theorem, nor the staticity theorem or the topological censorship theorem generalize to higher dimensions. We first discuss black holes of Einstein-Maxwell theory and Einstein-Maxwell-Chern-Simons theory with spherical horizon topology. Here new types of stationary black holes are encountered. We then discuss nonuniform black strings and present evidence for a horizon topology changing transition.
INTRODUCTION
Black holes are a major prediction of Einstein's general relativity. Today there is strong observational evidence for the existence of astrophysical black holes. On the other hand string theory, a major candidate for the quantum theory of gravity and the unification of all interactions, predicts in its low energy limit additional fields and also requires higher dimensions for mathematical consistency. As a result, essential properties of black holes can change dramatically. Here we address the questions as to what the consequences for the properties of black holes are and how they are affected by the presence of extra dimensions.
Black holes in 4-dimensional Einstein-Maxwell (EM) theory have a number of important special properties. First of all, they are subject to the topological censorship theorem, stating that their horizons have the topology of a sphere, S 2 [1, 2] . Then they satisfy a uniqueness theorem, stating they are uniquely characterized by their global charges: their mass M, their angular momentum J, their electric charge Q, and their magnetic charge P [3, 4, 5, 6] . They also obey the staticity theorem, stating that stationary black holes with static (non-rotating) horizons must be static, i.e., they carry no angular momentum J [7] . EM black holes further satisfy the laws of black hole mechanics. According to the zeroth law, their temperature T is constant on their horizon, where their temperature is proportional to their surface gravity κ, T = κ/(2π). The first law reads dM = κ
where the black hole horizon area A H is proportional to the entropy S, S = A H /(4G), Ω denotes the horizon angular velocity, and Φ H represents the horizon electrostatic potential (and in the presence of magnetic charge a further term enters). The integrated first law then yields the Smarr formula [8] , relating horizon properties and global charges,
In D = 4 dimensions the Kerr black holes satisfy the relation M 2 ≥| 16πJ |, while for the Kerr-Newman black holes of EM theory M 2 ≥ 4Q 2 + (16πJ) 2 /M 2 holds. Thus the angular momentum of D = 4 EM black holes is always bounded from above. For extremal solutions the bounds are precisely saturated. Therefore extremal solutions enclose the domain of existence of EM black holes. Solutions with greater angular momenta do not possess a horizon. Instead they exhibit a naked singularity, violating cosmic censorship.
The generalization of these asymptotically flat black hole solutions with spherical horizon topology to D > 4 dimensions was pioneered by Tangherlini [9] for static EM black holes, and by Myers and Perry (MP) [10] for rotating vacuum black holes. Stationary black holes in D dimensions possess N = [(D − 1)/2] independent angular momenta J i associated with N orthogonal planes of rotation [10] . ([(D − 1)/2] denotes the integer part of (D − 1)/2, corresponding to the rank of the rotation group SO(D − 1).) The general black hole solutions then fall into two classes, in even-D and odd-D solutions [10] .
In D = 5 and D = 6 dimensions the MP black holes then possess two independent angular momenta J i , i = 1, 2. Introducing the scaled angular momenta j 1 = J i /M (D−2)/(D−3) , we exhibit the domain of existence for these MP black holes in Fig. 1 . The extremal D = 5 MP solutions then form a square with respect to the scaled angular momenta, thus in 5 dimensions the angular momenta of these MP black holes are always bounded from above. (At the vertices of the square one of the two angular momenta vanishes, and the associated extremal single angular momentum solutions possess vanishing horizon area.)
When moving to D = 6 dimensions, the domain of existence of MP solutions changes distinctly. The vertices present in the D = 5 domain then move to infinity. Thus there are no extremal solutions for single angular momentum black holes. This holds also for black holes in more than 6 dimensions. As a consequence of this unlimited growth of the angular momentum instabilities develop, where new branches of black holes are expected to arise (as alluded to in the conclusions) [11, 12] .
The corresponding D > 4 charged rotating black holes of pure EM theory could not yet be obtained in closed form. In contrast to pure EM theory, exact solutions of higher dimensional charged rotating black holes are known in theories with more symmetries. 
The inclusion of additional fields, as required by supersymmetry or string theory, leads to further exact solutions of higher dimensional black holes [13, 14] , since then certain constructive methods are available, such as Hassan-Sen transformations [15, 16] Einstein-Maxwell-dilaton (EMD) black holes, for instance, are obtained by embedding the D-dimensional Myers-Perry solutions in D + 1 dimensions, and performing a boost with respect to the time and the additional coordinate, followed by a Kaluza-Klein reduction to D dimensions [17, 18] . The domain of existence of such D = 5 EMD black holes is also shown in Fig. 1 .
Here we first discuss charged rotating black holes in pure EM theory, obtained by numerical as well as perturbative methods. We focus on rotating black holes in odd dimensions, whose N angular momenta have all equal-magnitude. The reason is, that because of symmetry the solutions then greatly simplify: The general MP solutions with N independent angular momenta J i possess U (1) N symmetry. For odd-D black holes the symmetry is then strongly enhanced (to a U (N) symmetry), when all N angular momenta have equal-magnitude, and consequently the angular dependence factorizes. This factorization of the angular dependence also occurs in the presence of a gauge field, and thus in EM theory.
In odd dimensions D = 2N + 1 the Einstein-Maxwell action may be supplemented by a 'A F N ' Chern-Simons (CS) term. The bosonic sector of minimal D = 5 supergravity may be viewed as the special λ = 1 case of the general Einstein-Maxwell-Chern-Simons (EMCS) theory with Lagrangian
and CS coefficient λ . While not affecting the static black hole solutions, the CS term does affect the stationary black hole solutions. The addition of the CS term makes it easier to solve the field equations in the special case of the supergravity coefficient λ = 1, and analytic solutions describing charged, rotating black holes are known [19, 20, 21, 22] . We here discuss the properties of D = 5 black holes in general EMCS theories, treating the CS coefficient as a parameter. Beyond the supergravity value, i.e., beyond λ = 1, we find new types of stationary black hole solutions, such as counterrotating black holes, where the horizon angular velocity and the angular momentum have opposite sense, or regular (non extremal) black holes which possess a static horizon but finite angular momenta. Beyond λ = 2 we then observe further new phenomena, such as nonuniqueness of black holes with spherical horizon topology and black holes with negative horizon mass. Thus neither the uniqueness theorem nor the staticity theorem generalize to higher dimensions.
Indeed, in recent years it has been realized that black holes exhibit a much richer structure in higher dimensions than in four dimensions. In particular, black objects with different types of horizon topologies are present in higher dimensions, showing that the topological censorship theorem neither generalizes to higher dimensions. Black rings [23, 24] in D = 5 dimensions, for instance, possess the horizon topology of a torus, S 1 × S 2 , and there are also concentric black rings or black saturns [25, 26] . All these black objects are asymptotically flat.
But the higher dimensions may also be compact, and the corresponding black objects will then not be asymptotically flat. Assuming one dimension to be compact, caged black holes appear, as found in five and six dimensions [27, 28, 29] . For small S D−2 horizons these caged black holes differ only little from asymptotically flat black holes. For larger black holes, however, the compact dimension becomes essential, since at a critical size, the horizon will cover the compact dimension completely. The horizon topology must then change from S D−2 to S D−3 × S 1 , i.e., a horizon topology changing transition is expected [30, 31] . Solutions with the new topology then correspond to nonuniform black strings (NUBS), i.e., black strings whose horizon size is not constant w.r.t. the compact direction, but depends on the compact coordinate [32, 33] . Examples of such nonuniform black strings with increasing nonuniformity are shown in Fig. 2 .
The simplest vacuum static solution of this type, however, possesses translational symmetry along the extracoordinate direction, and corresponds to a uniform black string with horizon topology S D−3 ×S 1 . Although this solution exists for all values of the mass, it is unstable below a critical value as shown by Gregory and Laflamme [34] . Precisely at the marginally stable solution the branch of NUBS arises.
Here we discuss the branches of static NUBS in D = 5 and D = 6 dimensions as well as the branches of rotating NUBS in D = 6 dimensions, where we again choose both angular momenta to be of equal-magnitude. In all cases we present evidence for horizon topology changing transitions.
ROTATING EINSTEIN-MAXWELL BLACK HOLES Generalities
with curvature scalar R, D-dimensional Newton constant G D , and field strength tensor
where A µ denotes the gauge potential.
Variation of the action with respect to the metric and the gauge potential leads to the Einstein equations
with stress-energy tensor
and the gauge field equations,
We consider stationary black hole space-times with N = [(D − 1)/2] azimuthal symmetries, implying the existence of N +1 commuting Killing vectors, ξ ≡ ∂ t , and η i ≡ ∂ ϕ i , for i = 1, . . . , N. The (constant) horizon angular velocities Ω i can be defined by imposing the Killing vector field
to be null on and orthogonal to the horizon, located at r H . The horizon electrostatic potential Φ H ,
is constant on the horizon, and likewise the surface gravity κ,
Asymptotically flat EM black holes with spherical horizon topology S D−2 are then characterized by their mass M, charge Q, and N angular momenta J i . The mass M and the angular momenta J i of the black holes are obtained from the Komar expressions associated with the respective Killing vector fields
The horizon mass M H and horizon angular momenta J H,i are given by
where H represents the surface of the horizon. These black holes satisfy the first law [35] dM = κ
and the generalized Smarr formula
Metric and Gauge Potential
We now exploit the enhanced symmetry of the black hole solutions in odd dimensions, arising when all N angular momenta have equal-magnitude, and parametrize the metric in isotropic coordinates, which are well suited for the numerical construction of rotating black holes [36, 37, 38, 39, 40, 41, 42] .
The metric for these black holes with equal-magnitude angular momenta then reads [37] 
. ., N, and ε k = ±1 denotes the sense of rotation in the k-th orthogonal plane of rotation. An adequate parametrization for the gauge potential is given by
Thus, independent of the odd dimension D ≥ 5, this parametrization involves only four functions f , m, n, ω for the metric and two functions a 0 , a ϕ for the gauge field, which all depend only on the radial coordinate r.
To obtain asymptotically flat solutions, the metric functions should satisfy at infinity the boundary conditions
while for the gauge potential we choose a gauge, in which it vanishes at infinity
The horizon is characterized by the condition f (r H ) = 0 [40] . Requiring the horizon to be regular, the metric functions must satisfy the boundary conditions
where Ω = ±Ω i is the (up to a sign single constant) horizon angular velocity. The gauge potential satisfies
For equal-magnitude angular momenta J = ±J i , i = 1, . . . , N, and likewise J H = ±J H,i . The gyromagnetic ratio g is then defined via
The global charges and the magnetic moment µ mag can be obtained from the asympotic expansions of the metric and the gauge potential.
Results
Let us first address the domain of existence of rotating EM black holes with equalmagnitude angular momenta. We note, that unlike the case of a single non-vanishing angular momentum, where no extremal solutions exist in D > 5 dimensions [10, 13] , extremal solutions always exist for odd D black holes with equal-magnitude angular momenta. We exhibit in Fig. 3 the scaled angular momentum j = J/M (D−2)/(D−3) of the extremal EM black holes versus the scaled charge q = Q/M for D = 5, 7 and 9 dimensions [37] . Black holes exist only in the regions bounded by the J = 0-axis and by the respective curves. The domain of existence is symmetric with respect to Q → −Q. These extremal black holes have vanishing surface gravity, but finite horizon area.
The gyromagnetic ratio of Kerr-Newman black holes has the constant value g = 2 of Dirac particles. In accordance with this value, the gyromagnetic ratio has been obtained perturbatively for rotating black holes in D dimensions, yielding for small values of the charge Q the constant lowest-order perturbative value g = D − 2 [43, 44] . However, second-order perturbative calculations reveal a non-constant value for the gyromagnetic ratio, with, in particular, a quadratic dependence on the charge [45] . We exhibit the gyromagnetic ratio in Fig. 3 for extremal solutions, comparing these second-order results with the full numerical results. Thus the deviation of the gyromagnetic ratio from the lowest-order perturbative value g = D − 2 is always small, but it is a true physical effect for higher-dimensional EM black holes.
EINSTEIN-MAXWELL-CHERN-SIMONS BLACK HOLES

Supersymmetric black holes
The extremal limits of the D = 5 rotating charged black hole solutions of EMCS theory (3) with λ = 1 are of special interest, since they encompass a two parameter family of stationary supersymmetric black holes [20] . The mass of these supersymmetric black holes is given in terms of their charge and saturates the bound [46] 
and their two equal-magnitude angular momenta, |J| = |J 1 | = |J 2 |, are finite and satisfy the bound [35, 47, 48] |J| ≤ 1 2
Thus the mass of these solutions does not change, as angular momentum is added. Concerning the first law this implies that the horizon angular velocity Ω must vanish for these black holes. Thus their horizon is non-rotating, although their angular momentum is nonzero, i.e., the staticity theorem does not generalize to these higher-dimensional black holes.
As the total angular momentum is increased from its static limiting value J = 0, angular momentum is built up in the Maxwell field behind and outside the horizon. In particular, a negative fraction of the total angular momentum is stored in the Maxwell field behind the horizon [35] . Thus, while one expects frame dragging effects to cause the horizon to rotate, these effects are precisely counterbalanced by frame dragging effects, due to the negative contribution to the angular momentum by the fields behind the horizon, allowing these black holes to retain a static horizon [48] .
All these supersymmetric black holes possess a regular horizon, except for the limiting solution, saturating the bound Eq. (24). The area A H of the horizon decreases as |J| increases towards the bound Eq. (24), yielding a singular limiting solution with vanishing horizon area, A H = 0. The effect of the rotation on the horizon is not to make it rotate, but to deform it from a round 3-sphere to a squashed 3-sphere [35] .
These special properties of D = 5 supersymmetric EMCS black holes caused intriguing speculations on how the properties of D = 5 black holes in general EMCS theories depend on the CS coefficient [35] . In particular, since the supersymmetric black holes appear to be marginally stable, these speculations predicted instability for extremal EMCS black holes, when the CS coefficient would be increased beyond its supergravity value λ = 1.
The argument is as follows [35] : Extremal static EMCS black holes saturate the bound for any value of λ . If the mass of extremal stationary black holes decreases with increasing λ for fixed angular momentum, and increases with increasing angular momentum for fixed λ < 1, while it is independent of angular momentum for λ = 1, it becomes possible that the mass can decrease with increasing angular momentum for fixed λ > 1.
Thus while an extremal static black hole with zero Hawking temperature and spherical symmetry cannot decrease its mass by Hawking radiation, it can however become unstable with respect to rotation, when λ > 1, with photons carrying away both energy and angular momentum to infinity. In terms of the first law as applied to λ > 1 extremal black holes (κ = 0) with fixed charge (dQ = 0), such an instability then requires, that the horizon is rotating in the opposite sense to the angular momentum, since dM = 2ΩdJ has to be negative.
EMCS black holes: λ > 1
Our numerical results for D = 5 EMCS black holes with equal-magnitude angular momenta confirm these predictions. A summary of some of the main results is exhibited in Fig. 4 . Here the scaled angular momentum |J|/M 3/2 of the extremal EMCS black holes is shown versus the scaled charge Q/M for several values of λ : the pure EM case, λ = 0 [36] , the supergravity case, λ = 1 [20] , and λ = 1.5, λ = 2, and λ = 3 [38] . For a given value of λ , black holes exist only in the regions bounded by the J = 0-axis and by the respective outer curves. (Note the asymmetry of domain of existence of the black hole solutions with respect to Q → −Q for non-vanishing CS term.) In Fig. 5 we demonstrate explicitly, that extremal static black holes become unstable with respect to rotation beyond λ = 1: For 1 < λ < 2 the mass decreases with increasing magnitude of the angular momentum for fixed electric charge, since counterrotating solutions arise here. Thus supersymmetry marks the borderline between stability and instability for these black hole solutions.
For a given value of λ ≤ 2, the set of rotating Ω = 0 black holes then divides the domain of existence into two parts. The right part contains ordinary black holes, where the horizon rotates in the same sense as the angular momentum, whereas the left part contains counterrotating black holes, i.e., their horizon rotates in the opposite sense to the angular momentum [38, 39, 49] .
As expected from the change in stability, another special case is reached, when λ = 2. Indeed, for λ = 2 the numerical analysis indicates (see Fig. 5 ), that a (continuous) set of rotating J = 0 solutions appears and persists as λ is increased beyond the value λ = 2 [50] . The existence of these rotating J = 0 solutions relies on a special partition of the total angular momentum J, where the angular momentum within the horizon J H is precisely equal and opposite to the angular momentum in the Maxwell field outside the horizon. In contrast, for λ < 2 only static J = 0 solutions exist. The presence of J = 0 solutions is also seen in Fig. 6 and Fig. 7 for λ = 3. EMCS stationary black holes with horizons of spherical topology, provided λ > 2. The previous counterexamples to black hole uniqueness involved black rings, i.e., black objects with the horizon topology of a torus [23] . For λ = 2 even an infinite set of extremal black holes with the same global charges appears to exist, as numerical data indicate. To explore the properties of λ > 2 EMCS black holes further, let us now consider non-extremal black holes. We exhibit in Fig. 7 a set of solutions for λ = 3, possessing constant charge Q = −10 and constant (isotropic) horizon radius r H = 0.2. In particular, we exhibit the total angular momentum J the horizon angular momentum J H , the mass M and the horizon mass M H versus the horizon angular velocity Ω.
There are four types of rotating black holes, as classified by their total angular momentum J and horizon angular velocity Ω: Type I black holes correspond to the corotating regime, i.e., ΩJ ≥ 0, and Ω = 0 if and only if J = 0 (static). Type II black holes possess a static horizon (Ω = 0), although their angular momentum does not vanish (J = 0). Type III black holes are characterized by counterrotation, i.e., the horizon angular velocity and the total angular momentum have oposite signs, ΩJ < 0. Type IV black holes, finally, possess a rotating horizon (Ω = 0) but vanishing total angular momentum (J = 0). As the horizon of the black hole is set into rotation, angular momentum is stored in the Maxwell field both behind and outside the horizon, yielding a rich variety of configurations. In particular, even when the solutions are corotating, i.e., J and Ω rotate in the same sense, J H and Ω can assume opposite signs. Then the product ΩJ H turns negative, and can give rise to black holes with negative horizon mass, M H < 0, as seen in Fig. 7 . Thus the negative fraction of the angular momentum stored in the Maxwell field behind the horizon is responsible for the occurrence of a negative horizon mass. The total mass is always positive, however.
EMCS black holes: D > 5
In higher odd dimensions the corresponding CS term yields a modified Smarr formula, which is supplemented by an additional term. This term is proportional to the CS coefficient λ and to (D − 5) [35] , i.e., D = 5 is a rather special case among the class of odd-dimensional Einstein-Maxwell-Chern-Simons (EMCS) theories, since the Smarr formula (15) remains unmodified.
All the new types of stationary black holes found in 5D EMCS theory occur also for EMCS black holes in higher odd dimensions [39] . But in higher dimensions the CS coefficient becomes dimensionful and changes under scaling transformations, unless λ = 0. Thus any feature present for a certain non-vanishing value of λ will be present for any other non-vanishing value (although for the correspondingly scaled value of the charge). Most interestingly, in D = 9, a further type of stationary black holes appears: V. non-static Ω = J = 0 black holes, possessing a finite magnetic moment [39] . Nonuniform black string solutions (NUBS) of the vacuum Einstein equations can be obtained with the ansatz [51] 
NONUNIFORM BLACK STRINGS Generalities
where
The event horizon resides at a surface of constant radial coordinate r = r H and is characterized by the condition f (r H ) = 0. Utilizing the reflection symmetry of the NUBS w.r.t. z = L/2, the solutions are subject to the following set of boundary conditions
where the constant d 0 is related to the Hawking temperature of the solutions. Regularity further requires that the condition ∂ r B r=r H = 0 holds for the solutions.
For a static spacetime which is asymptotically M D−1 ×S 1 one obtains two asymptotic quantities, the mass M and the tension T [52] . These are encoded in the asymptotics of the metric potentials. With
the mass and tension of black string solutions are given by [30] 
where Ω H . The relative tension n,
then measures how large the tension is relative to the mass. This dimensionless quantity is bounded, 0 ≤ n ≤ D − 3, where the UBS have relative tension n 0 = 1/(D − 3). For black strings the first law of thermodynamics reads
and the Smarr formula can be expressed as
Static Nonuniform Black Strings
The branch of nonuniform black strings emerges smoothly from the uniform black string branch at the critical point, where the stability of the UBS changes [34] . Keeping the horizon coordinate r H and the asymptotic length L of the compact direction fixed, the solutions depend on a single parameter, d 0 , specified via the boundary conditions. Varying this parameter, the nonuniform strings become increasingly deformed. This nonuniformity is quantified by the parameter Λ,
where R max and R min represent the maximum radius of a (D − 3)-sphere on the horizon and the minimum radius, being the radius of the 'waist'. Thus for uniform black strings Λ = 0, while the conjectured horizon topology changing transition should be approached for Λ → ∞ [30, 53, 54, 55] .
We exhibit in Fig. 8 the spatial embedding of the horizon into 3-dimensional space for D = 5 nonuniform black string solutions with increasing nonuniformity [51] . In these embeddings the proper radius of the horizon is plotted against the proper length along the compact direction, yielding a geometrical view of the nonuniformity of the solutions. With increasing Λ, R max appears to approach a finite value in the limit Λ → ∞, whereas R min appears to reach zero in this limit (when extrapolated).
Evidence, that the nonuniform black string branch and the black hole branch merge at a horizon topology changing transition, was first provided in D = 6 dimensions [55] : By considering the mass, the entropy, and the temperature of the branch of nonuniform black strings as well as of the branch of caged black holes versus the relative tension n, it appeared likely, that both branches would merge at a critical value n * .
Extending the nonuniform black string branch in D = 6 dimensions and obtaining for the first time the nonuniform black string branch in D = 5 dimensions, we observe a backbending of the nonuniform black string branch in both D = 5 and D = 6 dimensions w.r.t. n, as shown in Fig. 9 . Still, all our data are consistent with the assumption, that the nonuniform string branch and the black hole branch merge at a horizon topology changing transition. In fact, extrapolation of the black hole branch towards this transition point n * appears to match well the (extrapolated) endpoint of the (backbending) part of the nonuniform string branch (Fig. 9) .
For the phase diagram this means that we have a region 0 < n < n b with one branch of black hole solutions, then a region n b < n < n * with one branch of black hole solutions and two branches of nonuniform string solutions, the ordinary one and the backbending one, and finally a region n * < n < n 0 with only one branch of nonuniform string solutions. (We here do not address the bubble-black hole sequences present for n > n 0 ). Thus the horizon topology changing transition is associated with n * , and n b < n < n * represents a middle region where three phases coexist, one black hole and two nonuniform strings. The anticipated phase diagram is seen in Fig. 9 (right) . This is strongly reminiscent of the phase structure of the rotating black ring-rotating black hole system in D = 5 [23] . The (asymptotically flat) rotating black holes have horizon topology S 3 , and the (asymptotically flat) rotating black rings have horizon topology S 2 × S 1 . The rotating black holes exist up to a maximal value of the angular momentum (for a given mass), 0 < J < J * , the rotating black rings are present only above a minimal value of the angular momentum (for a given mass), J b < J, and in the middle region J b < J < J * three phases coexist, one black hole and two black rings [23] .
Further numerical work for nonuniform strings and in particular for black holes in the critical region close to n * should confirm this anticipated phase diagram for nonuniform black strings and caged black holes further and lead to further insight into the structure of the configuration space, in particular in the region close to the horizon topology changing transition.
But not only further study of the nonuniform black string solutions outside their horizon may be instructive, also study of their interior should give insight into the expected horizon topology changing transition. We therefore now address the inside of nonuniform black string solutions.
The interior solutions are obtained by solving the corresponding set of hyperbolic equations, for which the values of the respective functions at the horizon are known (from the elliptic exterior problem) and employed as initial values. As the integration proceeds inside the horizon, the singularity is encountered along the curve r s (z) [57] . We exhibit the curve r s (z) of the singularity in Fig. 10 for nonuniform black string solutions with increasing nonuniformity. Note, that in these coordinates the horizon is The data for the black hole branches is from [55] . The D = 6 black hole branch is extrapolated towards the anticipated critical value n * . located at r = 0, while the singularity of uniform black string solutions resides at r s = 1.
As the nonuniformity is turned on, the coordinate of the singularity develops a periodic oscillation about r s = 1. Thus the singularity is located at r s < 1 at the waist of the nonuniform black string, and at r s > 1 in the vicinity of the maximal horizon radius of the string. With increasing nonuniformity this minimal value decreases monotonically while the maximal value increases monotonically. When extrapolated, the minimal value then appears to touch the horizon in the limit, where the horizon topology changing transition is expected to be reached. In order to get more insight into the geometry of space in the nonuniform black string interior, we exhibit in Fig. 10 also isometric embeddings of surfaces of constant Kretschmann scalar for the inside of a nonuniform black string solution with nonuniformity parameter Λ = 0.47.
Rotating Black Strings
To obtain nonuniform generalizations of the rotating uniform black string MP solutions, we consider space-times with (D −2)/2 commuting Killing vectors ∂ ϕ k . While the general configuration will possess (D − 2)/2 independent angular momenta, we again restrict to rotating NUBS whose angular momenta have all equal magnitude, since analogous to the case of black holes [37] , the metric parametrization then simplifies considerably for such rotating NUBS.
In D = 6 dimensions we have obtained numerically such rotating nonuniform black strings with equal angular momenta [56] . These emerge from the branch of marginally stable rotating MP UBS solutions, which ranges from the static marginally stable black string to the extremal rotating marginally stable black string.
In Fig. 11 we exhibit the spatial embedding of the horizon into 3-dimensional space for a sequence of D = 6 rotating NUBS. In these embeddings the symmetry directions (ϕ 1 , ϕ 2 ) are suppressed, and the proper circumference of the horizon is plotted against the proper length along the compact direction, yielding a geometrical view of both the deformation of the horizon due to rotation and the nonuniformity of the horizon with respect to the compact coordinate. In the rotating NUBS the rotation leads to a deformation of the 3-sphere of the horizon, making it oblate w.r.t. the planes of rotation. For the solutions of the sequence shown in Fig. 11 the temperature is kept fixed with temperature parameter d 0 = 0.6. The first solution corresponds to the marginally stable rotating uniform black string, which has Λ = 0 and horizon angular velocity Ω = 0.34908. When the horizon angular velocity is lowered, rotating black strings with increasing nonuniformity are obtained. Shown are solutions with nonuniformity parameter Λ = 0.83, 1.7 and 2.9. (Note, that we define the radii R min and R max now via the area of the deformed horizon 3-sphere.) With increasing Λ we again expect to approach a horizon topology changing transition, which would now lead to rotating caged black holes. Obtaining the respective branches of rotating caged black holes still represents a numerical challenge.
CONCLUSIONS
We have discussed certain aspects of black holes in higher dimensions. In particular, we have pointed out that black holes in higher dimensions are far less restricted than black holes in four dimensions, since higher dimensions open up a whole new range of possibilities for the properties of black objects, culminating in a rich phase structure.
Our first objective was the study of charged rotating black holes with a horizon of spherical topology. Here we saw, that the set of Einstein-Maxwell equations simplifies strongly in odd dimensions, when all angular momenta have equal magnitude, due to an enhanced symmetry. Making use of this simplification, we studied the properties of Einstein-Maxwell-Chern-Simons black holes. We obtained black holes, which are counterrotating, black holes, which have a negative horizon mass, black holes, which have a static horizon but a finite angular momentum, black holes whose horizon rotates, but whose angular momentum vanishes, and even black holes, which are not static, but have a static horizon and zero angular momentum. Moreover, we observed nonuniqueness of black holes with spherical horizon topology.
Our next objective was to provide evidence for a horizon topology changing transition for black strings, i.e., for solutions, that are not asymptotically flat, since their background manifold is M D−1 × S 1 . In particular, we have constructed nonuniform black string solutions, static as well as rotating, with increasing nonuniformity. For these NUBS we have always observed a backbending of the solutions close to the expected transition point to caged black holes, when considered versus the relative string tension. Extrapolating the static caged black hole branches towards the expected respective transition point has shown good agreement of the physical quantities of the solutions on both types of branches. So far, branches of rotating caged black holes have not yet been obtained, but similar agreement is expected.
Thus, by now there is considerable evidence for the occurrence of horizon topology changing transitions in nonuniform black string-caged black hole systems. Fundamental here is of course the presence of the Gregory-Laflamme instability, giving rise to the branches of nonuniform black strings in the first place.
However, a similar instability does arise also for asymptotically flat rotating black holes in D ≥ 6 dimensions, possessing only a single angular momentum, since then this angular momentum is not bounded. Indeed, this instability suggested, that as in the case of black strings, a branch of nonuniform rotating black holes should arise at the marginally stable solution, termed rippled or pinched black holes.
Recently, this analogy has been explored further [12] , culminating in the conjectured phase diagram for fast rotating black objects, exhibited in Fig. 12 . The solid line here is the branch of MP black holes with a single angular momentum. As the first instability arises, a branch of pinched rotating black holes appears. These then become increasingly at any given bifurcation and in any dimension, smooth connections are possible instead of swallowtails with cusps; also, the bifurcation into two black Saturn phases may happen before, after, or right at the merger with the pinched black hole. Mergers to di-rings or multi-ring configurations that extend to asymptotically large j seem unlikely. If thermal equilibrium is not imposed, the whole semi-infinite strip 0 < A H < A H ( j = 0), 0 ≤ j < ∞ is covered, and multi-rings are possible (courtesy of Emparan et al. [12] ).
deformed, until the horizon touches itself at a horizon topology changing solution, where it merges with the corresponding branch of black rings. As the next instabilities arise, branches of pinched rotating black holes with more complex nonuniform structure are conjectured to appear, all expected to lead to horizon topology changing transitions. Construction of these solutions and thus verification of this phase diagram, however, represents a major challenge.
